Abstract: This paper presents a method to identify the location and severity of the damages in plates. The location of damage is detected using a new damage index (MDC), based on the mode shapes and their derivatives. The mode shapes are calculated via modal analysis and their derivatives are obtained through central finite difference approximation. The results are fed into the proposed damage index to find the location of damaged areas. Thereafter, the quantity of damage in the damaged area is assessed using firefly algorithm (FA). The capability of the proposed damage evaluation procedure is shown through some examples. According to the results, the newly proposed index is capable of finding the damage locations with acceptable accuracy. In addition, FA can assess the damage severities in the damaged zones with an error less than 2%. The proposed approach has the ability to identify the damages even for noisy polluted data.
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Introduction
Structural damages might appear in the different parts of the structures. They usually affect the physical characteristics, such as stiffness, mass, and damping (Wahab and De Roeck, 1999; Bagheri et al., 2009) . These failures decrease the useful lifetime of the structures, therefore, detection of damages and their removal in the early stages can be helpful in improving structural performance. Therefore, many non-destructive methods are being developed by researchers to access the location and severity of the damages (Hu et al., 2012; Roy and Ray-Chaudhuri, 2013; Wang et al., 2011; Xiang and Liang, 2012; Yang, 2009) . One type of damage detection methods is based on vibration parameters. The applicability of these methods is due to the fact that the damages change the dynamic characteristics of the structures, such as natural frequencies, mode shapes, and modal damping (Bagheri et al., 2009 ). Several researches have been conducted in this area. Pandey et al. (1991) showed that the mode shapes curvature is a sensitive parameter to the damages. Sampaio et al. (1999) determined the damage location in bridge structure using frequency response function (FRF) curvature method. Palacz and Krawczuk (2002) proposed the use of the frequency curvature technique for damage identification in a cantilever beam. Lee and Shin (2002) developed a method based on measured modal data from the undamaged state and FRF from the damaged state for damage identification in plates. Wu and Law (2004) used the concept of the mode shape curvatures for plate-like structures. Lee and Eun (2008) examined various damage scenarios using the experimental results which were based on the mode shapes and their derivatives. Whalen (2008) used higher order derivatives of the mode shapes to identify the damage locations in a simple beam with various boundary conditions. In another study, Golafshani et al. (2010) used the FRF-based damage detection method to detect the damages in the shear building. They applied the concept of a minimum rank perturbation theory for damage identification. Salehi et al. (2010) applied FRF based method to find the location of damage in a beam. They used both imaginary and real part of FRF shapes for damage identification in structures. Bai et al. (2012) used the mode shape curvature technique for two-dimensional plane grid structure. Pal et al. (2013) studied several vibration-based damage detection methods for damage identification in steel frame structures. In this study, they applied several damage identification techniques to mode shapes and FRF for health monitoring of joints. Nobahari and Seyedpoor (2013) suggested a new damage index using structural flexibility matrix and strain energy. Yazdanpanah and Seyedpoor (2015) proposed a new damage indicator based on mode shape data. They used mode shape and its derivatives, i.e., mode shape slope and mode shape curvature, to localise the structural damage in beams.
More importantly, in order to make better practical decisions about the damage problems, reliable methods should be applied to evaluate the severity of structural damages precisely. One of these methods is the metaheuristic algorithms. These algorithms have been expanded to enhance the computational efficiency in various fields of engineering. One of the major classes of metaheuristic algorithms is biologicallyinspired algorithms, which was inspired by nature (Yang, 2010a) . There is a variety of bio-inspired optimisation algorithms in the literature. Some examples of these algorithms are particle swarm optimisation (PSO), genetic algorithm (GA), ant colony optimisation (ACO), and firefly algorithm (FA). There are several valuable studies for damage detection problems based on the mentioned algorithms; A real coded GA and modal sensitivity analysis technique were used for damage assessment using changes in natural frequencies by Gomes and Silva (2008) . In another study, a hybrid particle swarm optimisation-simplex (PSOS) algorithm using frequency domain data was presented to find the location and extent of structural damages by Begambre and Laier (2009) . Xiang and Liang (2012) used a two-step method based on the Wavelet transform and PSO to determine the location and the severity of the damages in plate structures. Majumdar et al. (2012) proposed a method based on a change in natural frequencies using ACO to detect structural damages in truss structures. Mohan et al. (2013) presented a new method based on the FRF with the help of PSO to detect and evaluate the structural damage in beam and plane frame structures. Nanda et al. (2014) used modal parameter based inverse approach to assessing the structural joint damage using unified particle swarm particle.
The aim of this study is to introduce a two-step procedure to identify the location and the severity of the damage in the plate-like structure. The procedure was programmed in Matlab software. In the first step of this procedure, a new efficient indicator is proposed to localise the structural damage. The new index is based on the mode shapes and their derivatives. In the second step, the severity of damages is evaluated by FA which has been recently developed by Yang (2010a) . FA is an encouraging metaheuristic approach based on the behaviour of the flashing characteristics of the fireflies (Yang, 2010a) . In order to demonstrate the performance of the proposed damage indicator for damage localisation, its results are compared with those of an experimental test. The results show that the proposed two-step approach is capable to find the location and severity of the damage with a reliable accuracy.
The paper is categorised as follows: In the next section, an overview of the mathematical background is described followed by the presentation of the optimisation algorithm and finite element formulation. Then, the proposed damage identification is explained in details. Thereafter, the approach is validated based on an experimental data. Then, In order to show the efficiency and applicability of the method, some numerical examples are presented and discussed. The paper ends with some conclusions suitable for damage assessment in plate structures.
Mathematical backgrounds

Firefly algorithm
Several types of fireflies could produce short and rhythmic flashes and the pattern of their flashes varies for different types of fireflies. The flashing light is produced by a process of bioluminescence (Yang, 2010b) . The lighting causes fireflies to attract mating partners and the prey. In addition, the lighting can act as a protective mechanism from predators. It is worth mentioning that the light intensity at a certain distance r from the light source follows the inverse square law. This means that the light intensity I decreases as the distance r increases (Yang, 2010b) . Moreover, the air absorbs the light that the light gradually becomes weaker as the distance increased. Due to these characteristics of fireflies and the relationship between them, the basic concept of FA has been developed by Yang (2010a) as follow.
For optimisation problem, the brightness I of a firefly at a particular distance r can be approximately obtained by the Gaussian form (Yang, 2010a) 
where I 0 , γ and r define the primary light intensity, the absorption coefficient and the distance, respectively. The rate of the attractiveness is proportional to the light intensity of the adjacent fireflies. Assuming the β 0 is the attractiveness at r = 0, the attractiveness β of a firefly can be defined as follows (Yang, 2010a) :
and finally, the random movement of the firefly i, which is attracted to the brighter one (firefly j), is given by:
In equation (3), the second term presents the effect of attraction and γ determines the variations in the attractiveness, that is extremely important in determining the convergence speed and the performance of the FA. In addition, in the third term, α is the randomisation parameter, and i ε defines a vector of random numbers. Usually, γ varies between 0.1 and 10, 0 β is considered as 1, and
Finite element formulation
Theory of plate bending
In this section, the concept of thin-plate theory or Kirchhoff plate theory, which has formed the basis of this study, is described. One of the main assumptions of this theory is that the plate's transverse shear deformation can be neglected. In addition, membrane or in-plane forces are ignored, therefore, the in-plane deformations at the middle surface of the plate and in the x and y directions can be assumed zero (Logan, 2011) . In this paper, the rectangular element with 12 degrees of freedom is used for the finite element. As can be seen from Figure 1 each node has three degrees of freedom; a transverse displacement u z in the z direction, and rotation x θ and y θ about the x and y directions, respectively.
Process of modal analysis
The results of the free vibration equation (equation (4) 
In the above equation, ω defines the natural frequency of vibration. In addition, K and M are the assemblage stiffness and mass matrices of the structure, which are obtained from equations (5) and (6), respectively. nE is the number of elements of the structure.
The proposed approach
In this section, at the first part, a new damage indicator is proposed for damage localisation in plate-like structures, which will be further elaborated in the following three steps. Then, in the second part, a new objective function is suggested to be applied for damage severity evaluation in the FA. It should be noted that this function is based on the mode shape and its derivatives. At the end, the procedure of the new method is depicted in Figure 2 for better understanding. 
The proposed damage indicator
In this section, an effective damage index based on the mode shape derivatives is proposed to identify the damage locations in plate-like structures. To define the new index, the first order derivative (slope) and the second order derivative (curvature) of mode shapes are used to identify the location of single and multiple structural damages.
First step: After obtaining the modal shapes through modal analysis (see Section 2.2), the slope and curvature of the modal shapes of the plate in the x and y directions are calculated through equations (7) to (10) using central finite difference approximation. In x direction, they are given
and also the mode shapes slope and curvature of the plate are computed in the y direction as follows stand for the slope and curvature of the mode shapes in the y direction. l x and l y are the distances between two sequential nodes along the x and y directions, respectively.
Second step: In this step, due to the fact that the mode shape slope and curvature of the damaged or undamaged plate along x and y directions can affect each other, they should be combined according to equations (11) and (12):
n m x n m y n m θ δ δ Third step: Having the mode shapes derivatives of the undamaged and damaged plate using the process above, modal damage criterion (MDC) is proposed as follows:
To detect the location of multiple damages in the structure, the effects of higher modes should be considered. Therefore, the proposed indicator is defined in the terms of equation (14):
where, nM is the number of considered modes. Subsequently, the normalised form of the MDC can be written as:
where mean(MDC) and std(MDC) define the mean and standard deviation of the proposed index in the nth node.
Evaluation of damage severity
As mentioned before, the firefly optimisation method is applied for damage severity procedure. In this section, an objective function is suggested for the FA. The proposed objective function based on the mode shapes and their derivatives are given in equation (16):
where, FA (MDC) n is the value of proposed damage indicator through the firefly simulation and (MCD) n is the damage indicator calculated through damage localisation process.
(MDC) n is constant during the damage severity evaluation procedure. nN presents the number of the structural nodes, which depends on the mesh dimension.
The Schematic procedure of the proposed approach
The summary of the proposed procedure of the damage localisation and quantification is described in Figure 2 . In the first stage, the mode shape of the undamaged and damaged plate is obtained using modal analysis. Afterwards, its derivatives (i.e., the slope and the curvature of mode shape) are calculated through equations (11) and (12) with central finite difference approximation and then the location of single and multiple damages are found by the newly proposed damage indicator. In the second stage of the process, the modal information calculated in the first stage is fed into the damage evaluation process to assess the extent of damage in the damaged locations. For this purpose, an initial population of the FA is generated randomly. Starting with this population, the proposed objective function is evaluated. The termination criterion is controlled in the next step to check if the best solution is found; otherwise, FA generates new population to be again evaluated through the FA process.
Validation of the proposed damage approach
In this section, at the first step, the numerical modal results are verified with those of a conducted study based on the experimentally modal data (Rucka and Wilde, 2006) . Secondly, to validate the precision of the nMDC for detecting damage locations, a comparison has been made between the result of the proposed damage index and that of the damage localisation approach in Rucka and Wilde (2006) . In addition, the severity of damage is evaluated to examine the efficiency of the FA for damage evaluation in plate-like structures.
The characteristics of the studied plate in Rucka and Wilde (2006) is considered as the validation case study. The experimental setup of the plate is depicted in Figure 3(a) . This plate is a rectangular steel plate with four fixed supports. The dimension of the plate is 560 mm × 480 mm × 2 mm. The material parameters of the plate are; Young's modulus E = 192 GPa, Poisson ratio ν = 0.25 and mass density ρ = 7430 kg/m 3 . The plate includes 14 and 12 four-node plate elements along the x and y directions, respectively. An 80 × 80 mm 2 area is considered as the damaged zone on the plate and its centre was located at x = 240 mm and y = 240 mm. In this area, a 25% reduction in the thickness of the plate was considered. In addition, a two-dimensional continuous wavelet transform using the extracted experimental modal data was applied to detect the damage location in Rucka and Wilde (2006) .
In this study, in order to simulate the damage severity, the elasticity modulus of the damaged elements is decreased through a coefficient of (1-0.25 3 ) = 0.578. It is noteworthy that this coefficient is calculated due to the fact that the elasticity modulus is proportional to the cube of the plate thickness (E ∝ t 3 ). The first numerical modal frequency of the plate obtained by the proposed approach is 65.39 Hz. Also, the first modal frequency based on an experimental test (Rucka and Wilde, 2006) was 65.0 Hz. As can be seen, the computed frequency is approximately the same as the experimental one. Figure 4 compares the first numerical and experimental mode shapes. Figure 5 illustrates the results of the conducted method based on the experimental data in Rucka and Wilde (2006) and the proposed damage index, nMCD. As can be seen, nMCD detects the damage location precisely, i.e., at x = 240 mm and y = 240 mm, whereas the results of damage identification based on the experimental modal data occurred at x = 240 mm and y = 243 mm (Rucka and Wilde, 2006) . The capability of the proposed damage indicator based on the noisy modal data can be of paramount importance for damage detection in plate-like structures. Therefore, a standard error of 1-3% is directly applied to the mode shapes of the structure. The damage detection results considering the noise effects are depicted in Figure 6 .
The results of this figure show the acceptable accuracy of the presented index for damage localisation even in the presence of the noise. Figure 5 The results of the damage localisation (a) wavelet transform modulus using rbio 5.5 wavelet based on experimental data (Rucka and Wilde, 2006) and (b) the proposed damage index (nMDC) (see online version for colours) Figure 6 The result of proposed damage index in the plate based on noisy modal data (a) 1% noise and (b) 3% noise (see online version for colours)
As noted before, in order to show the applicability of the FA for evaluating the damage severity of this damage scenario, the FA is applied. The variation of fireflies' attractiveness γ is considered as 1. Other basic parameters for the FA are 0 2 β = and 0.2 α = . In addition, 20 fireflies are included in the algorithm for the initial simulation of the population. Moreover, the FA is terminated when the best cost of the objective function is no longer decreased for a specific number of iterations, (here, ten iterations).
The evaluated best costs of the objective function in each iteration are depicted in Figure 7 . It is noteworthy that only the first modes of the undamaged and damaged plates have been considered for damage detection and evaluation during the validation process.
Figure 7
The best cost for the current damage scenario (see online version for colours)
As can be seen, the value of the objective function is reduced as the iteration number is increased and the diagram becomes asymptotic to a horizontal line expressing the adequacy of the optimising process in finding the damage severity of the damaged elements and the termination criterion is achieved through 31 iterations. In other word, the best cost of the objective function is constant from 22nd iteration to 31st one. The predicted damage severities using the FA are compared with the actual values in Table 1 . As mentioned before, 57.8% reduction in the elasticity modulus is considered for the elements 1-4. In addition, for having a better perspective of evaluation results, the actual damage severities and the obtained ones are shown in Figures 8(a) and (b) , respectively.
As seen, the FA evaluates severities of the damage in the damaged elements with an error less than 1%. The results of this section show that the proposed two-step approach is capable of damage localisation and evaluation with a satisfactory accuracy. The next section shows the efficiency of the approach through different damage scenarios. 
Numerical examples
In this section, additional damage scenarios are applied on the investigated plate of Rucka and Wilde (2006) to show the applicability of the proposed damage process in damage detection and evaluation. The dimensions and material properties of the plate have been considered as similar as Rucka and Wilde (2006) . For the first part of the numerical simulation, the plate with four fixed edges is studied. Moreover, in order to demonstrate the efficiency of the proposed method, a plate with one edge clamped is also examined in the second part. A single damage scenario and a multiple damage scenario will be considered in each part to show the reliability of the proposed method. As explained previously, in the first step, the locations of damage are identified using nMDC and in the second step, the severity of damaged areas is assessed by the FA.
Damage detection and evaluation for the plate with four fixed edges
Damage scenario 1: As mentioned, the studied plate in this section has four edges clamped. Figure 9 (a) shows the first damage scenario. In this scenario, two adjacent elements are affected by 50 % reduction in the modulus of elasticity for damage simulation. In the first step, the location of damage is found using nMDC (see Figure 9 (b)). As can be seen, the proposed index is able to detect the damaged zone with a satisfactory accuracy. In the second step, to evaluate the severity of damaged elements of this scenario, the FA is applied. The initial parameters of FA are considered same as those of assumed in the validation process. These parameters are constant for all following damage scenarios. The results of the best cost of the objective function in each iteration are depicted in Figure 10 . As can be seen, increasing the number of iterations will lead to enhancing the adequate accuracy of the results. The evaluation of the damage severity using the FA for the damage scenario 1 is given in Table 2 .
In this damage scenario, the value of best cost is constant from 13th iteration to 22nd one, therefore, the evaluation process terminates in iteration 22. The predicted damage severity of the damaged elements using FA is given in Table 2 . The results indicate that this method is able to estimate the damage in the studied plate with a high accuracy. In order to further clarification of the obtained results, the actual and the evaluated damage severity for the first damage scenario have been illustrated in Figure 11 .
Figure 11
The results of damage evaluation for damage scenario 1: (a) actual severity and (b) evaluated severity through FA (see online version for colours)
Damage scenario 2:
To demonstrate the efficiency of the proposed procedure for damage identification in different parts of the structure, a multiple damage scenario is considered for the four clamped plate, which consists of damaged elements with various severities. Figure 12 (a) shows the damaged locations on the plate. The actual damage severity of the elements 1 and 2 is considered as 30%, of the elements 3 and 4 as 40%, and of the elements 5 and 6 the actual damage severity is assumed 20%. First, the locations of damage are found using the nMDC. The first three modes of the undamaged and damaged plates have been utilised for damage localisation and evaluation. The results of the proposed damage indicator are shown in Figure 12 (b). As can be seen, the location of the damage zones can be accurately determined using the nMDC. Also, the evaluation procedures of the best cost of the FA for the damage scenario 2 are depicted in Figure 13 .
According to Figure 13 , the termination criterion is achieved through 77 iterations. Table 3 shows the result of evaluated damage percentage for damage scenario 2 using FA.
According to the results, the predicted severities are remarkably converged to the actual severities. Therefore, the FA is rigorously capable of evaluating the damage severity in multiple damage scenarios.
Figure 13
The best cost for damage scenario 2 (see online version for colours) Table 3 The result of evaluated damage percentage for damage scenario 2 Figure 14(a) ). In this scenario, elements 1 to 4 are selected as damaged elements, in which the elasticity modulus of the plate is reduced to 15%. Similar to the two prior damage scenarios, in the first step the damaged elements are determined using nMDC. In this scenario, the damage identification has been done only by considering the first mode of the plate. As can be seen in Figure 14(b) , the indicator has detected the damage location properly. The next step is to assess the damage severity of the presented scenario using the FA. Figure 15 shows the best values of the objective function in each iteration.
As can be seen, the best cost of the objective function is constant from 19th iteration to 28th one. The values of the damage severities in this damage scenario are given in Table 4 , which are too close to those of actual ones. Damage scenario 4: This section is included a multiple damage scenario with different damage severities. The damage severities are assumed to be 12% reduction in their elasticity modulus in elements 1 and 2 and 10% in elements 3 and 4 (see Figure 16(a) ). The values of the severities in the damaged elements were assumed in the same range to control the robustness of the proposed approach in these cases. In the first step, the location of the damage is identified using the proposed damage indicator. As can be seen in Figure 16 (b), the results show that nMDC can detect the location of multiple damages on the plate, meticulously. It should be noted that only the first two mode shapes of the plate are considered to find the multiple damage locations. The severities of the damaged elements are assessed through the FA. The values of the best cost of the objective function in each iteration for the fourth damage scenario are depicted in Figure 17 . The termination criterion is achieved through 61 iterations. In other word, the best cost of the objective function is constant from 52nd iteration to 61st one. Moreover, the results of predicted severity are illustrated in Table 5 . On the basis of the results of the four studied damage scenarios, it is clear that the method is able to estimate damage locations and severities for different states.
Conclusions
In this paper, an efficient method has been proposed for damage localisation and evaluation in plate-like structures. The presented method consists of two steps; in the first step, the locations of damaged elements are detected using a new damage index named 'modal damage criterion' (MDC) and in the second step, the damage severity is evaluated by FA. The procedure was programmed in Matlab software. In order to show the capability of the proposed method for damage identification, a validation process is conducted through comparing the results with those of an experimental based study. In another attempt, some numerical damage scenarios with various support conditions are surveyed. The results express that nMDC is a reliable criterion for detecting damage locations. It can localise the damaged zones with a suitable accuracy. In addition, the adequacy of the FA for damage evaluation in plate-like structures is confirmed in this study. The proposed two-step approach is a trustworthy method for monitoring the health of the real engineering structures.
